Optical correlations represent a resource for the development of technologies with very promising opportunities for future widespread applications.
INTRODUCTION
Gaussian states (GS), 16 i.e. optical states with Gaussian Wigner function, are a relevant resource in technologies that exploits continuous variables because they can be easily generated in laboratory. In particular, optical Gaussian states (as thermal, coherent and squeezed states) can be manipulated and their correlations can be exploited in optical labs using simple optical elements such as a beam splitter. For example, the interfere at a beam splitter of two squeezed states can generate Gaussian entanglement, 17 which has been used so far to achieve continuous variable teleportation. The properties of correlated states emerging from a beam splitter have been extensively investigated in the past, in particular for optimizing the generation of the entanglement. Here we investigate the opposite case, so the erasing of the correlations in mixing two equal Gaussian states, in particular two thermal states, and the retrieving of the lost correlations in an ancillary state. We use a game, the optical illusionist game, to explain the effect.
THE ILLUSIONIST GAME: THEORY
An illusionist, who will turn out to be an expert of quantum optics, displays on the stage two uncorrelated light beams, a beam splitter (BS I ) and two photodetectors. He claims that he will use only thermal states of light. What he measures and ask to the public to measure are the correlations between the two beams.
He initiates the game by crossing two light beams excited in the same thermal state and perform a he measures the correlation showing that no correlations are present between them (Fig. 1a) . He then inserts the BS I and again measures correlations. Surprisingly, the two counters continue to reveal no correlations (Fig. 1b) . The illusionist explains for the physicists present in the public that the effect is due to the linear interaction of modes performed by the BSI and the Gaussian nature of the states. [17] [18] [19] The most general single-mode thermal equilibrium state with µ average number of quanta can be written as
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are the position-and momentum-like operators. In the following, since we are interested in the dynamics of the correlations, which are not affected by the first moment, we set X T = 0, i.e. zero first moment. Now, when two uncorrelated, thermal states ϱ k with mean photon number µ 1 and µ 2 , interact through a BS I with transmissivity τ , the initial 4 × 4 CM Σ 0 = σ 1 ⊕ σ 2 of the two-mode state ϱ 1 ⊗ ϱ 2 :
with
transforms as:
and
Note that the off-diagonal element denotes the presence of correlation between the outgoing modes. It is now clear that if the input states are in the same initial state, i.e., µ 1 = µ 2 and uncorrelated, the two output beams are left uncorrelated. In this case we have σ
Hence, since the public have access only to correlation measurements and the interaction through the BS I seems to not affect the states, they cannot discriminate the presence from the absence of the beam splitter. But the illusionist argues that he is able. How? He has access to a further beam. In fact, the public sees only modes 1 and 2 on the stage excited in the states ϱ 1 = ϱ 2 = ϱ but the mode 2 is actually correlated with mode 3 (Fig. 1c) 
Coming from the splitting of a beam by means of a balanced beam splitter, mode 2 and 3 has the same number of quanta µ 2 .
Due to the interaction, part of the correlations shared between modes 2 and 3 are now shared between modes 1 and 3, even if modes 1 and 2 are left unchanged and uncorrelated after the interference. This is evident from the evolution of the CM of the tripartite state in the presence of the BS I . The 6 × 6 CM of the initial state ϱ 123 = ϱ 1 ⊗ ϱ 23 is:
where σ k is the 2 × 2 single-mode CM of mode k = 1, 2, 3, σ 1 = σ 2 = σ 3 = σ and the matrix σ 23 ̸ = 0 contains the correlations between modes 2 and 3:
The covariance matrix evolves in this way:
where, since the BS I acts only on modes 1 and 2, σ (out) 3 = σ and: 
The comparison between Eq. (9) and (14) shows that while the states of modes 1 and 2 are (locally) left unchanged and, in turn, uncorrelated, both modes 1 and 2 are now correlated with mode 3 (again, the presence of non-zero off-diagonal blocks denotes the presence of correlations between the corresponding modes). Furthermore, the degree of correlations between the modes 2 and 3 is decreased (σ 2,3 → √ τ σ (out) 2,3 ) for the benefit of the birth of correlations between the previously uncorrelated modes 1 and
1,3 ). We conclude that the modes 1 and 2 are actually mixed at the BS I , since mode 1 becomes correlated with mode 3 at the expenses of the initial correlations between mode 1 and 2. Nevertheless, this happens in such a way that no overall correlations arise between the interacting modes, but the illusionist has also access to the third mode and, thus, can discover the presence or not of the BS I : he exploits "hidden correlations".
THE EXPERIMENTAL REALIZATION OF THE PROTOCOL
We have experimentally verified the theory by using pseudo-thermal beams obtained by scattering a coherent source on an Arecchi disk. 20 Preliminary experimental results are here presented.
In the experiment (Fig. 2) , a Q-switched laser is divided and addressed on two independent rotating ground glasses R 1 and R 2 , producing two single temporal mode (pseudo-)thermal beams. The laser is a Nd:YAG laser emitting at 1064 nm, second harmonic with λ = 532 nm, with pulse duration of 1 ns and 12.4 Hz of repetition rate. A prism divides the 1064 nm beam from the 532 nm one. The coherent beam is then divided and focalized on the two disks by means of a lens and A2 A1 A3 . Furthermore, in order to balance the intensities of the three beams, also beam 1 pass through a BS (BS 2 ). The pseudo-thermal beams present the typical speckle structure (Fig. 3) . We put the BS I in their far field zone, using the lenses LF1 and LF2, both with f = 30 cm in f − f configuration, in order to associate each mode of the multimode thermal beam to a point on the BS I , i.e., on the detection plane. This choice allows identifying properly each pair of single modes of the two thermal beam interacting at the BS I .
The beams was imaged by meas of an imaging lens (LF) of focal length of 25 cm on a CCD array. The camera was an EMCC from Andor with 1004(H) x 1002(V) active pixels and pixel sizes of 8 µm.
Intensity correlations between the modes was evaluated by selecting for each beam an area A k k = 1, 2, 3 on the frames of the CCD (Fig. 3) , corresponding to the detector D k of Fig 1. In order to consider all the spatial modes detected in the area A k , we measure the intensity I
⟨â † m,kâ m,k ⟩ for each frame j taken with the EMCCD, whereâ m,k is the field operator of the m-th mode impinging on A k and M is the total number of collected modes.
The correlation between the beams h and k (h, k = 1, 2, 3) is estimated by using the second order correlation coefficient c h,k :
where ⟨F ⟩ fr = (N frame )
is the average over N frame frames and To let that each mode of beam 1 interacts with the corresponding mode of beam 2 at BS I , a perfect superposition of the correlated areas A 1 and A 2 is reached and evaluated by alternatively stopping beams 1 or 2 and measuring and maximizing the correlation c 1,2 = 0.97 ± 0.01 evaluated over 100 frames of the CCD. We then let beam 1 and beam 2 interact and investigate the two configurations proposed by the illusionist: with the BS I and without it. Table 1 reports our (preliminary) experimental results. The table shows the correlations between detectors 1, 2 and 3 as a function of the numbers of frames used to evaluated it. Our experiment confirms that the correlation between the beams 1 and 2 is zero, while, with BS I , it is almost zero because of the presence of very small residual correlation due to experimental imperfections, such as the non perfect superpositions of the optical modes and the non balancing of the BS I . The residual correlations are not sufficient to discriminate the presence from the absence of the BS I if a relative small number of frames is used to estimate c 1,2 and the "hidden correlations" are needed.
The table reports also c 1,3 with and without BS I : the correlations between beams 1 and 3, which are initially uncorrelated arises in the presence of BS I . In the same way, the full initial correlation between beams 2 and 3 is deteriorated by the presence of the beam splitter. Hence, the illusionist is really able to perform his game.
CONCLUSION
In summary in this paper we have presented, both theoretically and experimentally, an example of how correlations of light can lead to counterintuitive results, results that we have presented as a game where an illusionist exploits the fact that two identical thermal states of light addressed to two different ports of a BS do not acquire any correlation, while the presence of the BS can be identified by using the pre-existing correlation of one of the beam with a third one, that acquires or loses correlation with both of the mixed ones. This "game" not only offers a paradigmatic example of hidden correlations of optical beams of light, but also paves the way to future applications, as innovative measurement schemes.
